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ABSTRACT

Small dzpartures from steady flow of a subsoniec circular
jJet in an incompressible inviscld fluid are descrited in terms
of a series of wave mode functions. The potential of a typical
component mode is:

Ve CRS( (a0 + 1B)r)H8(9)exp(int + (a - 1B)z)
This represents the velocity potential in cylindrical coordinates
with z measured along the Jet axis. C is an arbltrary constant,
Ry, a "modified" Bessel function representing I8 inside the Jjet
or Kg outside. Hs is a unit amplitude pericdic function of 6.
On the Jet surface this represents a series of s longitudinal
ridges modulasted sinusoidally along it and moving downstream, or
8 splral ridges or both.

The 1nstablility of columnar flow is described by the
growth in amplitude along the Jet. The stabllizing influence of
viscous forces in real Jets results in disintegration into
terminal turbulence at a much slower rate than would be inferred
from the ideallized theory. The analysis is carried to a point
where, except for certain incomplete portions pointed out in the
text, it is suggested that further advance looking to a definitive
rationalization of this phenomenion in real jJets, is most eccnom-
ically made with the help of experiment. Theoretical and experi-
mental wave transmission techniques are applicable.

In suitably controlled experizent, the structure of the
terminal turbulent field is visibly dominated by the character-

istics of the perturbation.
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A _Study of the Fhysics of

Perturbation of Subsonic Circular Jets

1. Introduction

When an air jet is observed by means of amoko'intro-
duced into it, the pettern of flow may be found to vary consid-
erably from one experiment to another. Under circumstances
which will be defined, any departure from steady flow may de
described as the sum of a series of orthogonal wave mode func-
tions. This report contains en outline description of such
functions and of their properties. On account of the difficul-
ties otherwise introduced, the fluid will be assumed incompres-~
sible and inviscid. The limitations of this assumption will bde
coamented on briefly.

The "unparturbed"™ jet will be understood, for the pure
pose of this discussion, to describe the hypothetical reference
condition in which the flow rate is sensibly constant over s
circular section to some point downstream where a break occurs
into an expanded fluctuating flow region. The most prominent
cheracterisiic of this fluctuating region in the reference
stete is the appearance of 8 succession of more or less well-
formed discrete coexial vortex rings. Each s formed at the
tip of the cylindrical coluan by an outward roileup of the cyle
indrical vortex sheet surrounding the jet until its strenzth is
such as to detach itself and then permit another to form in the
suns way. After a steady state has been estatblished, the time-

average length of the jet remains constent and the sum of the
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strengths of the vortex circuits detached per unit of time 1s
equal to the strength of a length of vortex sheet extruded from
the nozzle in the same time. An unlimited expansion of the
fluctuating region in real jets is prevented by the dissipative
action of viscous forces and the idealized symmetrical struc-
ture never obtains because it is also unstable, though to a
lesser degree than the Jjet, and is subject to everpresent per-
turbation tending toward random turbulences. This reference cone=
dition substsntieclly describes the "sensitive™ jet of the early
literature.

If the reference jet is perturbed near its base by an
iopulse of sowme kind, the local disturbance 8o caused is car-
ried downstream by the currsnt of the jat.

A columnar flow of fluid is in unatable equilidbrium,

One of the manifestations of instability 1s the break of the un-
perturted Jet into a terminel field of discrete vortex circuits,
4 second consequence of instability is that the transported locai
disturbance caused by an impulse at the base, grows in magnitude
as {t travels. If tre initiating impulse is small enough, its
growth along the jet follows an expcnential law and its influ-
cnce on the terminal field is negligible. If it is large enough,
the exponential increase may obtein for s certain distance along
the jet after which a nonlinesr disintegration process begins
wvhich may modify or dominate ths terminal field, substituting in
its plece, & field which is more characteristic of the perturdba-
tion. 1If the parturbing force at the base is still larger, the

whole jet column will show a pronounced structure and the terminel
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process of fragmentstion will be radically changed.

The sgency which produces the perturbetion may be
either exterral to the system, such as a vibration impressed
on ths notzzle, a sound wave, Or air currents, or it may be a
self-excited oscillation in the jet stream caused by a favor-
sble nozzle contour or projections, and a proper flow rate.
The presence in the stream of particles or other inhomogensi-
ties also produces such effects.

The phenomane which vccur within the range of ampli-
tudes of waves on the je. resulting in exponentisl changes are
the subject of this report. In this range the traveling dia-
turbance may be trsated by linesr perturbation theory. The re-
sults of this theory may be used as a guide in qualitative
reasoning concerning the phenomena observed at larger ampli-
tudes. In particular, it 1s useful in speculation concerning
the nature and granulsrity scale of the resulting fregmsntation
of the jst.

The procedure is to deduce and classify the orthogonal
wave mode functions or mutually independent patterns of mo-
tion, each of which, when excited at any single frequency, is
transaitted as a wave along the jet without change in form.
Any mods, wsheén excited by more than one frequency or when the
flow 1s unstaady, gives rise to weve zroup phenomena, as the
phase velocity varies with fregusncy. A centrai problsm is to
find the Fourier-FEesssl expansion o” =n arbitrary initiatirg
disturbance. This study is limited to the most prominent com-

ponents of such expansion.
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This report is principslly aimed at providinc a concep-
tusl picture of a significant aspect of subsonic jet action,
sné to provide the basis for an experimental spproach. While
many diversions sugzes2t themselves in this study, such material
is reduced to a minimum consistent with its physical objective.

The divergence of experimentally observed phenomena
from the corresponding 1dealized calculatiem is principally cdue
to the omission of viscous forces in the theory. In a medium
such as water or air, this is not so serious, for the lower

but that they
modes of propagation, may be readily recognited, and the theory

/4
ussfully employed 1n’:hoir interpretation and study. The hizher
order fine-grsined modes however may be largely obscured. To
deal with the practical problem in this region a more difficult
theoretical procedure is in prospecte.

The early work on stability of jets i{s summarized in
Rayleigh "Theory of Sound” Vol. II. A very !nteresting series
of photogrsphs and quantitative measurements on certain prooere
ties of jets related to the theory dealt with in this report,
have been published by G. B. Brown.1 As one illustration, which
has been more recently worked out, of the effects of viscosity,
reference is made to "Laminer Boundary Layer Oscillations, etc.”

2 ¥hile this work does not apoly to

by Schubauer and Skramstad.
the protlem here considered, except indirectly as a possible
perturdbing mechanism within the nozzle, it gives a good illus~
tration of what 1s probably in stors for the extension of the

theory to include viscous effects.

:Proc.Phya.Soc. Lond. 47, (1935)s 49 , (1937).
Bur. Stand. revort RP 1772, Feb. 1947.

b A .

1Y

REC R L b RS S e SR e i MR IRl Sl s b

t

|
P




L1 T U

2. Equations of Motion

In the i1dealized theory, a jet is supposed to consist
of anirrotatioralflow in an incoapressibvle fluid. In such a
case any component of velocity and the pressure mgy be derived
from a scelar potential, V, and the condition that the flow be
incompressible is s;iven by the Laplace sjuation:

vtV=0 (1)

This will in general exclude the poasibility of cone
siderinys the action of viscous forces. If we find the func-
tion V (x,y,2,t) which satisfies this equation and the boune
deary conditions, the velocity is given by its negative gradient.

In the circular jet the asyzmstry is cylindrical so

that ths convenient form for (1) 1s:

MV 1LV L1V LRV _
sty Traer T <0 e

in which r,t,0 are the cylindrical coordinates. Being linear,

a typical solution of this equation may be obtainsd as a proe

duct RHZT where each factor is a function of one variadble,

radius, angle, axial distance, and time, only. The particular

form of solution of interest in this Jjet study is one repre-

senting waves and a typical term in such a solution 1g:
V = CRexplint-ise-ims)

in which case the differential coefficients with respect

(3)

tot, © , and ¢ may be replaced by algebraic operators:

Doin: d_ie. .t
at ~ M pe= %0 pp=im ()

———— g o=y




Eq. (2) then reduces to a simpler form representini the typi-
cal case:

2V +r Ve (s-m?®)V =0 (5)
where the primes represent differentiation with respact to r.
In order to mako V a single-valued function it will bé seen
from (3) that s must be an integer or tero.

This is Bessel's equation with a general solution:

V=AI,(imn + BKg(mr) (6)
in which A and B are understood to contain the t, 6 , & fac-
tors of (3) only.

The functions I, and K, ars non~oscillating. I for

s
smell va’ues of the argument, is finite and increases expon-
entially for large values. l. for szall argument approaches
infinite values and decreases exponentially for large argument,
Inside and outside the jet are two separate domains.
Inside, the potential will be designated V,-Ws, V, pertaining
to any perturbation and =Wz the steady value of the unper-
turbed jet. W is the steady velocity in the direction &, of
flow. Outside the jet the only potential is that of the per-
turbation. It will be designated VZ' To make the potential

finite on the Jjet axis &nd at infinity we must have:

\ﬂ::/\];s(nwr)i .VQ:=13}<5('“r) {

=)

-

The constants A and B are determined by conditions at
the vortex sheet or bounding surface of the jet. These are
that the noraal component nf velocity of fluid inside and out-
side are egqual and thet the pressure is continuous.

If the unpsrturbed radius of the jet is "a" and its
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small outward displacement at the point (r, &, z) is q, when
perturbed, then the instantaneous outward velocity of the
sheet at this point is § = ing. Lot u, v, W represant the r,
©, end z components of fluid velocity of the perturbation
which is suverposed on W, the steedy flow which is fixed in
the z direction. The particle velocity components inside the
Jet are then u,, v,, (!I‘W) and outside, simply u,, v,, ¥,e
The small radial component of velocity of a particle just in-
3ide the jet is the first total time derivative of its instan~
taneous displacement q. In cylindrical coordinates this is

given by the kinematic formula:

G k+u'%+%%+(w'*W)aﬁ% (8)
Since g is by definition, not a function of r, the second
term disenpears. If the disvlecement q were constent, the
first term would diseppear leaving the last two to represent
the radial component of the resultinz steady flow along the

static displaced and oriented surface. The orientation is de-

fined by its slopes g;% and g%; e« Of these terms, all

but the first and last conteining the fector ¥ are of second

order and negligible.
= ¢ .
M, = 53+W§§r = in-mWlg (9)

Similarly, the perticle velocity Jjust outside the vortex

sheet 1s, to first order:

M = g—gi = ing (10)
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Froa {7) we obtain the particle velocities:

bz -2 s omAL ;= -mBK O

where the primes refer to differentiation with respect to

the whole argument, it being understood that m is a constant
in this differentiation. When r = a these may be substituted
in (9), (10).

—mAI; (ma)

-mBK; (ma) = ing (13)

These determine the ratio A/B.

ﬁ[' (ma) _ n-mW (1)

itn-mWiq (12)

The general expression giving the hydrostatic pressure p, is

TR

- 3V _ 1o AL\ A% -aV:j
3¢t L[(ar) +'(r ae) *(ng) (15)
= Qg I WEA%/: in the firet erder
Outside the jet W= 0. We then have:
b= ¢pP(n- mW)V,; P2 = L"PVL (16)
At the jet surface these must be equal:
Alstmad _ n (17)

B K¢ tma) n-mW

\]

TONRRIA il ol s Al o i D ISR N s v

[}
[
!
i




e 4 e —a ¢ —

This, with (14) gives the secular equation relating the fre-
quency n, the propagation constant or wave numdber m, and the
order numbdber s, wvhich must be satisfied in order to satisfy

the Laplace equation (2) and the wave foram (3) simultanecusly.

KS .I'g - (h—l:\W)z (18)

KsIs G

For the purpose of study of this relation, it is con-

venient to define x = ma and g = na/W. The first is then the
wave numbder in units of the reciprocal readius of the Jet.
Physically, if @ is real thenma = ZgL and x = Z%?= or
m= 2Wf/c and x = 27 fa/c where ¢ is the phase velocity. If
on the other hand, n 1s real, it must be 2JTf and g = 27 fa/W.
Now 21T e/W 18 the interval of time taken by the jet to tra-
verse the distance 27T a equal to its circumference. Thus g
1s the dimensionless frequency in units of W/2wa, a fixed
characteristic of the jet.

K x) L) - ‘i"“z
K's00 T . (19)

In a study of the nature of the roots of this equa-
tion, it is convenient to modify its form. 1Two other useful
forms may be obtained by use of the following recurrence

formula:
xI, =5L +xIM =-s L +xlg, (20)

and

K; Is= K:.I;-')% (21)
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If we define B. as follows:

BS:Ks(sI5+xI:,,,)=Ks('SIs""IS-') (22)

The secular equation may then also ve written:

2
Bbo() =(3=-x (23)
x{x-24)
Generally, either x or g may have an assigned complex
value, after which (23) determines a complex value for the
other. The simplest physical interpretation results when one

or the other is chosen real.
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3. Classification of Modes- Fluting Factor

The characteristic «:-8 modes or propagation channels
ere identified by the order number "s". The surface of the
Jet 1s fluted, the pattern comprising s longitudinal ridgss
which may be parallel to the axis or spiral or a combination
of both.

If an artitrery periodic disturbance be impressed at
some "drive" point on the jet, the result may be described as
a complicated distribution of potential in a thin plane lamina
passing through the jet perpendicular tc its axis at that
point. This potential distribution is then passed on to suc-
cessive planes, mwostly downstream, changing its distribution
and amplitude as it travels., If this general disturbance bde
then broken down into single frequency components, each such
component way be thought of as initiating a propagated wave
in eech of a series of independent chsnnels or wave modes.
Each such mode has its own characteristic potential distribu=
ticne The representative component elemental mode i{s denoted
by the letter "s".

A specific solution for the s mode which is general
snough to descriuve any steady state wave, consists of the sum
of terms obtained from the typical wave form (3) by substi- .
tution in it of every combination of posaible values of s, n,
and m, as obtained from (23). Each such term slso contains
an arbitrary constant factor to be determined by further

phyelicsl consideration.
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Whatever the relative values of n and m might be (or
x and g), the kinematic constant s is always a reel integer or
zoero., If we define s as positive, the possible values are
0,¥1,+2 etc. The integer s is also the order number of
the Bessel functions and since these are even functions of
their orders there is no distinction between positive end nega-
tive orders. Thaese circumstances permit of the {solation of
8 in an angular distridbutior. factor.

If in (3) we write R.(ar) for R to represent either
I‘(nr) or K.(mr) depending on whether the potential inside or
outside is intended, we may write s representative pair of

terms of the complete steady state mode function as follows:

V= Rs(mr)(aeiso+ be “39)explint -ima) (2)

v b

It will be noted that the © dependent factor of
(24) is simply periodic with g periods per 2W angle. Rede-

fine it as follows:

IS
s

ae*®®, be “%® = CH, (25)

where H. is a periodic function of unit amplitude to be de-

fined explicitly and C, an external constsnt to specify mag-
nitude. The most general case will be that in which a, b, C
end H, sre complex. If we designate the left side of (25) by

f, the squsre of its absolute value is:

2450 -2 4356
be

{f: as+bb+abe ¥ o (26)




Let a = ry (exp(16)) and b = rz(exp(i6'2) ryr P andG")

o, being real positive nun‘ooro;(?b) become s

{f. :r‘1+r:+2.nrzc.os(6‘,-6‘l+z,se) (27)
¥hen cos (67-G, +256 ) = 1, corresponding to the
angle Gm-’-fs (62-6)

this expression takes the maximum velue
. 2
fmfm=(n+n) (28)

If we now temporarily let C = 1 and normalize (28) to unit

amplitude, r, and rp, must satjsfy the condition
htr, =1 (29)

This condition suggests the use of r- coszh and
r, = oin?'h, where h is a single real assignable constant.
These forms have the added advantage that as h is varied, each
has & meximum value of unity and h may have any value what-

ever. Now reinstating C,

~L(§0-Gy)

£=C (cos*he*®™" 4 sin* he ) (30

let us examine the wave-functions corresponding to some
srecific value of he If for example, h = O and £, = 0, the
coefficients of the exponentials in B. ars 1 and 0. If

h=0and G, =T, they are =1 and 0. If h = T/l and

0"y = 0T, =0, they are each 1/2 and the whole term is cos(se ).

R . e A
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And physical value may be described by a suitatle cholice of
h,Q‘l,G'z.

Tt will be seen by examining (2l) that two superposed
spiral waves are represented and that C—l and G 5 of the more
explicit form (30) of the angular or fluting fector may serve
to rotate these suvirals atout the jet axis by amounts which may
be srbitrarily chosen to meet any requirements. Such latitude
will in general be required in solving a specific quantitative
problem; but for the physical picture, which is the object of
this report, it ias simplest to adopt an origin for the coordi-

nates z and 6 , for whirh these quantities are gero. The flut

ing factor then 1is:

2 b 8 -460
Hso: COSL"\CLSO + 5in he (31)

To recapitulate, the potential (2, ) written in terms
of the fluting factor (30) or its specialized form (31) and

the external comnstant C is now written:

V = C Rs(mr) H,CXP(iht-LMﬂ (32)

It should be bornein mind that this is only a representative

component part of a complete mode function, but that B. is

a factor common to all such compenents. The claessification

and description of the modes is based on the properties of H..
If a series of 2s averturee be disposed around the

periphery of the notzle and pulsations in ‘alternately opposite

ohases injected into the jet stream through them, the s mode

with h = Ti/L, principally will be excited at the pulsation

o ®
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frequency. With s apertures, sll in the same phase, the s
mode with h = '/}, and the s = 0 mode will be excited prin-
cipally, both at the pulsation frequency. If with 2s aper-
tures, alternate onea are actuated by & small steady air pres-
sure, thus acting ss "sources” while the others are subject to
@ small ateady suc*t!icn, thus scting as "sinks", and the whole
saperture mount rotated at the rete, f per second, the s mode
with h = 0 will be principally excited at the rrequency sf.
The sameé result may be obtained, in principle, by rotating a
serrated mask with an sperture of the same average dilameter

as the jet, (prcvided conditiona are not such as to produce
"edge" tones).

The fluting factor H., 1s not as definite a function
in the Jet as in the anslogous acoustic or electromagnetic
systems. Physically this comes about because no real first
order wave 1s transmitted tangentially on the jet, and only
along it because a local disturbance is carried by the cur-
rent. There 18 no elastic potential energy in tae device, and
while this phenomenon may be describsd in a wave langusge, it
18 not very closely analogous with waves in an slastic medium.
Second order effects, such as those neglected at the boun-
daries (see Egs. (8) and (15) ) tend to introduce tangential
waves.

The physical picture of the components of perturba-
tion waves 18 clarified by examining their forms separately.

constrictional waves, s = O, Ho = 1. 1In this case

all disturtances sre axislly symmetrical. This mode describes

:
|
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a wave of peristaltic or constrictional form traveling along
the jet like beads on a string. It may be gerierated by a
pressure fluctuation in the reservoir behind the notzle or by
a constrictional vibration of the periphery of the noztzls.
The waves are easily made visible in a small jet of colored
water discharging into clear water. To follow them by eye,
the jet must be slow and the pulsations of a period such as to
produce pulses spaced at a distance of the order of the jet
dismeter. The "beads" grow as they travel.

The growth in amplitude shows itself in an increasing
pinching ¢ff of the successive "tsads" which are one wave
length apart. Each bead is surrounded by the vortex shset of
length A , which, when separation has proceeded to e point,
quickly rolls up into the core of a single self-propelled
ring. The whole system has axial symmetry.

The seculsr equetion apolicahble to this case is:

T K X) ,_.(_x_—_g_\:_
x"-l(X) 0( X‘X"Z.a) (33)
The equivalent of this for a two dimensional jet is

given by Rayleigh (Theory of Sound, Vol. II) as:

sinh x :(X-gf .
cosh X g% (34)

Transverse waves, s = 1, For the stending wave form,

h= Ti/}, in this case, Hl = cos®, This deacribes a transverse
displacement of the jet section in the direction © = 0 without
distortion of its circular form. The retior of the jet is then

whiplike in tue vlsne ©= O , Another similar independant

P
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wave In the plane =1l may be produced and a combination

N

!n proper relative phase and anpliiucs gives a wave in the Iuirm
cf a spiral treveling downstresm.

v#aves of this kind are produced experimentally in one
plans by a lateral vibration of the nozzle or by sound waves
oassing across the base of the jet. This i1s the wave gonirated
recueblcally A "sensisive™ jets or flames which were popular
in the latter part of the last century.

The end effects of this type of wave 1s clearly shown
by photographs and quantitative measurements in two papers
by G« Be Brown. : The treansverse wave grows in smplitude
as 1t travels down the jet until a point is reached where it
is no longer eble to make the sharp turns at the wave crests.
Rupturs there occurs and half weve sections of the jet are de~
tached and thrown alternately to one side and then the other.
Zach section, as it leaves, may in the ideal, be regarded
initially as 8 cylindrical column of length %%— surrounded by
a vortex sheet. In accordance with the well-known properties
of such a sheet, it quickly rolls outward and back on itself at
the leading end and inward on the tralling end to form finslly
the single core of & self-propelled vortex ring. The succession
of these rings and the angles of their trajectory are clearly

brought out in Brown's photographs.

1l
LOC' cit.
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& secular equation for this mode 1s:

Koo (Tt x Iun) = x-g

x(x—ig) (35)

The oquivalent of this for the two dimensional jet

(ses Rayleigh) is:

cosh x . (x -91*
=+ =0
Snh x 81 (36)

Second order mode, 8 = 2., For the standing wave

form, h = W/, ¥, - cos(26), A circular section of the Jet

is converted into an ellipse, which form 1s propegated downe
stream with its major and minor axes changing places each

half wave length. This is the lowest order in which a distor-

tion of the section takes place.
(X=§ 2
B,m=%"%) (37)
X(x-24)
Any order higher than $ = 1 has no parallel in a
two dimensional jet. Higher orders describe longitudinally
fluted corrugations which, in the standing wave form, give

Hy, » cos(86 )« The amplitude of this form along the jet i{s

s
proportional to cos(s 6 )cos(me).

L. Corrugation and Propagation Modes

The secular equation (23) is to be regarded as one
relation between n and m f-r a fixed s. The second relation
required to detsrmine both is arbitrary. Of the infinity of
such arbitrary relations, two are most easily susceptible of .

physical interpretation. If, for the first of these, we defline

SUR Bt i ditiates p kR UG el e i i
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X 88 a real positive umber we may easily solve for g in the
quadratic (23)s By rei=r~a«nce t. {3) 1t will be sesn that in
so doing, & sinusoidal "corrugation" of wave length A= ﬁﬂf
extending along the full length of the jet is described and
the calculaticn of g {or n) constitutes a determination of its
change with time. In the second case we choose g to be a resl
positive number, i1.6., we specify a real frequency {%. after
which a calculation of x from (22), now to be regarded aa
transcendental, amounts to finding the "propagation constant”
or "wave number," m, <f a wave in the "steady state"™ (not in
the hydrodynamical sense) as it travels along the Jjet. It is
found that if one of these, g or x, 1s real the other must in
general be complex. For describing "transient™ behavior both
are in general, complex.

The propagation modes (n real) are the ores which
naturally occur in jets. They may easily be studiad experi-
mentally. A short discussion of corrugation modes, which
sannet be etudied experimentally,is inclwded as it prevides
the atadbility oriteria used by carly writers. This also
illustrates some mere general preperties ef possidble solutiems
of the jJet equatiens amd is suggeetive of preperties eof
transient dbdehaviey, the specifie study ef whick is reserved

for anethsr time,

§. Cerrugations
The selution of (23) fer g gives:

g=x LBy 4 3,089 -

19
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By reference to a table of Bessel functions it will
bs ss6n that the quantity B. for positive values o{ X ranges
botween the valuea O and 1/2, being usually 0.4 or 0.5 for all
vaiues of , except for B,, which, as X = O, becomes zero also.
Both the real and imaginary perts of g tend usually to be some-
what less than x/2 but not equsl to each other. Note in (38)
that the real part of g has the same sign as x. We will not
be concerned with possible negative values of x at this time.

Now by definition of g,

in= igWe LW (1B £ VTR ]
(39)
—Awxd

From this, if one of these values be placed in
(26) 1t appears that after being released, the corrugation
moves downstream, i.6., in the direction g positive while its
emplitude changes with time as : travels,

If we now reproduce (32) with the simplified nota-
tton (39)

V= CR, thr Hg exp (¢ (wzddit-imz) (40)

A complete "asteady state" corrugation potential mode function
is therefore represented by two terms like this, each with an

arbitrary constant and may be writtsen:

-dt

V=R, mn H, (Ce**+ Cpe

)cxp (Cwt-imz)  (}1)

-

e e s adidline vt oS Tt ag ol N S e



—TDY A ’

21

This represents a wave of the fluting fcrm H. crd
vave length /\zzd\l propegated downstream, i.e., in the
direction of 2 positive, of frequency f = w/2T and phase
velocity ¢ = w/m with an amplitude changing with time in accord-
ance with the parenthesis. There are therefore two components,
one which increasss without limit in amplitude with time and

one whicn decreases. The values of these components depend on

the initisl conditions. At tiwe t = O,

V.= Rytmnr Hs (C,+C)e*™

(42)
Va:Rs(mr) (hwed G +Gw-5) G e ™™ (43)
T weh Cor Gw-H G, i

_YQZ-'
\'A C, +C,

We now de :cribe a hypothetical experiment. Imagine
an infinitely lore jet encased in a rigid cylindrical sheath.
The latter aas corrugations which cause the jet to conform tc
the form fuctor Hy and sxp( -imz). The potential inside the
jet 1s given Ly (42) with Ry = I,. Consequently the potential
outside 1s V2 = 0. As long as this sheath remained, the flow
would be steady andw& = 0, that s, from (L4L):

- G (dviw) (45)
C; F-iw
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If the sheath is suddenly releassd without at the same tims
imparting a velocity, the subsequont crurse of events is de-
scribed by (41) with tha value C, of (LS) substituted. The
initial amplitude of the two components ¥’ i1 be equal but the
decresesing component will be in phase advance over the other
by the angle of f'af\" (;J_._@,)

If wo regard the condition which obtains after the
transient effect oxp(-Jf ) has subsided as descriptive of the
nstural free process, then the quantity J is both an index
of instability (for the two dimensional jet this is Rayleigh's
index), from the term exp( Jt ) and a relaxation tims - from
the term oxp(-Jt )+ The relaxation time measures the time
taken to build up the externai field to the configuration char-
ecteristic of the freely growing wave which is independent of
inftial conditions.

If on the other hand we wish to initiate a frse pro-
cess at the start we must make C, = O by imparting an initial
velocity at the time of removing the sheath such that from
(h.h)’v(',: (;WJ*J\)\L that is, it must be in phase advance by
téﬂ' Jg- over the displacemant.

By the same reasoning it should, in principle be pos-
s8ible to provide an initial condition which would cause the
corrugation to subs!de completely by imposing an initial
volocityVoz'(Liw\%. This is of the same magnitude as that
producing the free wave but in phase TT-2tan' (’gf) relative to {t.
The impulse causing this effect would de such as to annul the

internal fleld in a time measured by j‘ .
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It would thus appoar that regardless of the relative
values of C, and Cp of thly), except for the critical case
where Cy 1s exsctly zero, the incressing amplituds term must
eventually predominate end the proccss end ! “isruption of the
jets If in an experiment such as that described, the impoei-
tion of an initial velocity were to be left to chences, there
would be 8 vanishing probability of subsidence. The genersl
orotess is then that after release, it hesitates for a time 14{ 5
more or less, after which it procesads on {ts unhampered career
to destruction. This phenomenon has its counterpart in the
more imp~o~tant progressive waves.

Flg. 1 gives corrugation phase velocities and stebility
or relaxation indices in convenient units as a function of the
dimensionless wave number x = me = 217a/y, .« They are de-
scribed &s follows:

The "rroquenciﬁ ®/2T associated with any one of
these patterns, 1.2., the frequency with which weve crests pass

e given point s from (3G)

o = &NL ("Ess)

2T T A (L&)

Tha corresponding phase velocity, ¢ = fA , is

C = \A/(|"155\ (47)

This 1a plotted in the upper curves of Fig. 1 for the
orders s = O, 1, and 2 in units of W, the jet speecd. With the
exception of the long zero order waves, they sll move with a
epesd 8 little greater than half the jet speed, {.a., e 1ittle

faster than thst of the vortex sheet. 17he higher the order

y
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numcer, the wore nsarly they spprosch the speed of the vortex
shee'. This hypothetica. phenomenon then seame to be more
cherscteristic of the vortex sheet than it is of the jet which
seems not unreasonchble {f the jet is thought of in terms of a
closely spaced succession of vortex rings,

A simple unit for plotting J isw
4 . /”E?' (48)
2T I- Bs

This guentity is plotted in the lower curves of Fig. 1
end it is seen to approach unity for all except the long wave
or low frequency constrictional waves to wnhnich the jet is
therefore relatively stable. When this quantity is unfty the
amplitude rstio of incresse is e in one redian or exp(2w),
about 1:5C0 per cycle. This amounts to an almost explosive
‘ncrease in emplitucde. It represents the limit which a real
Jet shoulcd aspproach as the viscosity approaches zero., Viscous

forces have & strong stabilizing influance.

6. 3ave Propasgation Nodes

Under this head we consider the cdescription of waves
propagated along the jet as a result of a perturbing force
locelized at some point or within a definite region on the jet.
This is the type of wave always present to some small extent
at least, in real jets. It is subject to direct experimental
studye.

The s mode will be conaidered separately to be driven

es
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at some point at the resel frequency f = n/2T which for the
present will be assumed to be positive. It remeins th:n to
find ths possible values of m from the seculcr equation (19)
or (23).

It mey be seen from the asymptotic expansions of Ke and
I8 that when mod{(x) is very large B, approaches 1/2, for all
orders. By using the series expansinn it may be found that
the same limit is approached when mod(x) = O for sll orders ex-
cept for s = O, in which case it approaches the value tero.

2y placing these limiting values in (23) eand solving for x it

i1s found

Xp= gLt d) and Xot = g
(49)

or

W\l'-‘-\%/—(ltu and Mog=\-;€/-'

To ottain values for intermediste frequencies re-
cuires a study of the general case (23). This has nct been
cerried out. It will be ncted that in the limiting cases one
vair of complex conjugate roots is obtained with 45° argu-
zents. The K and I therefore apnroach the Ker,kei and ber,bel
functions. These, like the K and I are slowly varying, non-
fluctuating and it seems quite likely that a proper study will
show thet the roots at intermediate frequencies will not be
different frex (4S) by very large amounts. For the present we
will assume conditionslly that this is true. No quantitative

use will be made of them. #e then write in general

i
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where it is understood that both 8 and X ere of the order

n/% (except for ¢ = o when n = 0) but that they are probably
not equal axcept at the limits. ‘e may now write the complete
propagstion mode function which is anslogous to (41) for cor-

rugstions.

V= [CR, (Brimne® + st(‘ﬁ’*’“\')é‘ﬂl'téwgl)

Notice that the 2ame propagated fluting factor H' that
occurred in the corrugetions, elso occurs in this wave. The
propageted wave is therefore the sum of two spiral waves chane=
ntled in opposite directions in the proportions determined by

the nature of the generator at the drive point ¢ = O.

\/t; = EC|'R5((6fiq\r) + (R ((B-4x)r) | Hq otnt -

The perturbed component of axial velocity - 2V at
z
tris point is then:

- = int
Wy = [ (| 1«-48) Ry(Brearn) + CyCarip) Ks ((6-“10] He  (e3)

wsheres as before Wl is obtained when Ra is replaced by I. and

w2 by K.. In this case it 1s to be noted that in order to

preserve the cylindrical symmetry sssumed so fer, ‘t is necos-

s, S
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sary that the jet 1seue from a flat baffle. This !s essentially
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e semi~infinite system gsometrically but (steady state) in-
finite in time in contrast with the corrugaticon {n which the
jet was required to be infinitely long dut ssmi-infinite in
tize,

In this wave the phase velocity is nearly the samée as
%, the jet speed for all nrders and is equal to it for both
very low and high frequencies, 1.e., for weves very long or
verr short compared with the jet diameter. This 18 in con-
trast with the corrugations which tend to move at about half
this speede The meximum departure from the limiting values of
velocity occurs in the neighborhood of the region whers the
wave length is equal to the circumference of the jet, i.e.,
where g = 1 or modi(x) = 1,

Eqe (51) shows the wave to have two components in gene-
eral, one which increases in amplitude as it moves along the
Jet (exp K z) and another which decreases at the zame rate.
Provided Cy 1s not exactly sero, the growing component must
ultimately predominate. The other component is then charac-
teristic of the peculiarities of the wave generating device.
The free wave which is characteristic of the jet alone is

therefore:

V= C, Rs ((Bridire”

ant-(p2
2 P*Se
(sh)
It will then be seen from (S1), that there is a tendency
for the amplitude of the disturbance to remain nearly constant

for a distance measured in units of 1/d4 , after which the free

rapid growtk (SL) obtains.
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Since there are twc arhlirary constants in {51) {in

15n of course to the fluting ccnstant "h" in H,) 1t 1is
nacessary to specify the vaiucs ol two quentities of the drive
point to completaly specify the wave. These may be any two
convenient independent quantities such for example &s the
sotant!al (52) snd sxiel velocity (53) at that point. In this
respect the jat is eanalogous to a thin flexible spring in which,
it will be recalled, it is necessary to give the veluss of the
force and couple, or of the displacemert and its slope, at a
point ir order to completely describe the wave. 1In either case
a sinusoidel wave obtains beyond & certain distance from the
generator.,
It a-c2ere from (52) end (53) that it 18 possible to
edjust Vg and w, relativaely in a way as tc givse ths gonsrator
craracteristics sucn that a frees wave is radisted Immediately
from 1t (02 = 0) or such that ncthing but a local disturbance
(S = C) *2 regie. Likewise it is possible, in principle,
t> adjust the zenerator (C2 > Cl) in such a we> 8s to produce
e large local disturbance near the generator, 8 very low empli-
tude wave following it and then e rapid growth at a distsnce. f
The quantity & s also in the nature of a stability i
Index to be compared with & of (39). It is also in the !
nature of a relsxetion Index since it is & messure of the dis-
tarce the wave must t-avel in order for the field configuration
to adfust {tself to thaet of the free wave whrich is charactar-
{stic of the jet aisnea. The time taken for the wave to travel

8 distarice 1/A is 1/cd'= U and sinece ¢ is cf the order i and

. s ]
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A cf tha order n/% T is of ti. ~rdar 1/n, or 1/y s of
the order n while d is of the order Z. Tha stabllity of

the pro-ressive wave 1s about half that of the corrugstion.

7. Vorticity and Fragmentation

The surface of the unpserturbed i1desl Jjet ie= a cylin-
drical vortex sheet of uniform strength or "circulation" W
per unit length. Circulation is measured by the line integral
of velocity around a closed path of unit length, lying along
the dicection of flow and including in its area a unit length
of the vortex sheet. 7Tnis circulation {s the same as that dus
tc en awer=ga vorticity, or curl of the vector velocity, dis-
tributed over the srea of the path multiplied by its arsa. It
{s sometimes convenient to think of this shear layer, which in
ideslized theory has no thickness, as a layer of infinitesimal
thickness ¥ with vorticity (density) w so that the total vortex
strenzth per unit length is WY = W. With this conception the
layer contalins fluild in actual rotation on which that on both
sides rolls. In this case the jet is enclosed by actual vor-
tex filaments which have all the ususl properties of such fila=-
ments in the noneviscous thermodynamicslly-inert medium which
we have assumed. Since thsre are no external rotationsl forces
acting on the medium, the substance of the vortex layer slways
contains the same particles and none can be added. It may te
distorted, stretched, attenuated or thickened like a meubrane,
but unlike a membrene it can be broken only along the line of
e vortex filament. No filament may be broken. Thue the only

way it is possible for the ideal jet tc break is transversely.
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We may presume without a desirable proof that the same proper-
ties hold in the 1imit of the vortex sheet. Thus as long as
we disregsard viscosity, the Jet may breel only into cylindricel
sections which, under the influence of perturbation which
caussds sucii fragmentation, mav be individually distorted in
any way as long ss filaments are not broken. Experiments have
been described above, which show this fragmentation in the case
of orders s = 0 and 1.

Experiments are always conducted with a viscous medium.
Although, in such systems, tl» re always remains a tendency to-
wg:d a tehavior as above described, there are some qualitative
and juantitative new properties introduced by viscous forces
which 1t 1s desirable to bear in mind. These forces provide
a means for vorticity to diffuse like heat frow & filsment,
thus losing rotation and imparting it to neighboring fluid.
Neighboring circuits mu; under favorable circumstences, fuse
to form lsrge:r ¢. . ’is. Again, urder proper =~!'Tumstances,

a single circuit may be broken into two or more circuits.

The equilibrium configuration of an isolated circuit
1s a circular ring. Under the influence of neighboring cir-
cuits, and particulerly when fuaion or fragmentation occurs,
each circult exists in what may be described as a state of
"strair"” and "excited” vibration. Many of these properties
may be easily demonstrated with apparatus for making "smoke"
rings and have been treated theoretically by Kelvin and others
in the 187C's and 80's. A field of such circuits constitutes

a "couplsd" system, having mcdes of vibration characteristic of

—_—
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the system. The situation ie in some dagrea iogous with
en alastically ccupled system. Such a field is in genersl
not an agquilibrium configuration hcwevar and the interaction
of its "vibrations" is pre-eminently nonlinear. 1%.2 snaly-
ticel trestment of such fields, excep: statisticaliy, is im-
practicable except possibly in a few academic cases., It is a
very long step between the perturbation and its resulting
fifeld. Any speculation regarding the structure of the fluc-
tuating fiell s “"termined from a simple perturbation mode,
should therefore be considered at most as a contribution to-
%bsd clarifying cert::n pertinent questions and not generally
as a prediction of what tukes place. Any relation bstween
parturbation and terminal field must be determined by suitabdbly
planned future experiment.

By analogy with the vibrations of an {solated ring,
the zero and first order modes of the jet may be thought of
as "unexcited"” modes since, in the ideal, the section re-
mains circular. Similarly the second and higher order mo?¢
may be thought of as "excited," since, as is the case of the
vitrating ring, the periphery is distorted. The vorticity is
then concentrated locally in certain regicns of the sheet.
Th's i{s a favorable condition, under the action of viscous
forces, for finer grained fragmsntation, quicker decay of the
pattern, and for fusion or fragmentation of individual circuits.

“hen the jet is perturbed, the fluid in and around
it acquires the additionsl small velocity components u, v, w.

There 13 then superpoz3sdi on the steady vortex strength ¥ of
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the shs:t, two ccmponents.

Wg = Wi~ Wza = a% <\/:a '\/m) (55)

Wz = Yia " V2a :Q%_O (V;,m-\fm) (56)

The vortex strength is a vector, mostly directsd to
the © direction, having the ccmponents W ¢ W and W,. Since
V contains the factor H which coneists of a whole numher, s,
cf pertfods around the jet, the avarage values sround the
periphsry of thees components are W and O. The vortex lines
are distorted circles lying in the cylindrical surface (to
first orderh

The differential equation of the vortex lines in the

sheet are then:

dz ade

—
—

u)l wp

(57)

and their equation z = £(6), is found by integration. To
find these lines, the real or "in phase" components of U‘ and
W, may be used.

Ordinerily these curves sre not of very simple form.
For example, for the s corrugation wave (see ®q. (41) ) of the

form By = cos(sg ) at time t ® O the equation is found to be:

mz tan(mz) + qulcouse)h 0 (58)

33
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The motion of the vortex sheet may be obtainred from

(9), (10}, (11).

. _(av,.\ o — Via
/

LA TV P Pl (9]

@Ww

Wog . 2 (V. -V, ) (60}
2z da 2%

From these and (51), (52) it appesrs that there ia
no simple correspondence bLetween vorcex strength and motion
of the vortex sheet unless the specific forms of the poten-
tials are chosen. The relative values of the three velocity
components, u, v, w, are not the same in corrugation and
propagation waves. For comparison the corrugation and propa-
gation potentials for free waves obtained from (41) and (51)

are respectively:

V= C Rs (mr) Hse(Yt exp((wt—imz\ (61)
. 2 R 2
V = (R (irisyr) Hs e* explint-(BZ) (62)
in which it will be recalled, A= %“E 1s the corrugation

wave lsngth snd @217 the resulting frequency while n/2W is
the impressed drive frequency with 2T /B the resulting wave

length for the propagated wave. § is of about the same mag-
nitude es Wand & is a%oui the same as (3 except, in both

ceases, for s = ¢ in the low frequency range.
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